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1. Introduction
All spaces in this paper are assumed to be T1-spaces. For a space Y , we will use 2Y to denote the power set of Y , i.e. the
set of all subsets of Y . Also, let
F (Y ) = {S ∈ 2Y : S = ∅ and S is closed}, and
C (Y ) = {S ∈F (Y ): S is compact}.
Any relation R ⊂ X × Y can be represented as a map ΨR : X → 2Y by letting ΨR(x) = {y ∈ Y : (x, y) ∈ R}, x ∈ X . This
map is usually called set-valued, or multi-valued, and sometimes a multifunction. The converse is also true. To any set-valued
mapping Ψ : X → 2Y one can associate the relation
Graph(Ψ ) = {(x, y) ∈ X × Y : y ∈ Ψ (x)},
which is called the graph of Ψ . Thus, we have that R = Graph(ΨR). Motivated by this, for a property P of subsets of
topological spaces, we will often say that Ψ : X → 2Y has a P-graph if Graph(Ψ ) has the property P as a subset of X × Y .
For a mapping Φ : X → 2Y and B ⊂ Y , let Φ−1[B] = {x ∈ X: Φ(x) ∩ B = ∅}. We say that Φ : X → 2Y is lower semi-
continuous, or l.s.c., if the set Φ−1[U ] is open in X for every open U ⊂ Y . A mapping Ψ : X → 2Y is upper semi-continuous,
or u.s.c., if the set
Ψ #[U ] = X \Ψ−1[Y \ U ] = {x ∈ X: Ψ (x) ⊂ U}
is open in X for every open U ⊂ Y . For convenience, we say that Ψ : X → 2Y is usco if it is u.s.c. and nonempty-compact-
valued.
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2424 V. Gutev, T. Yamauchi / Topology and its Applications 159 (2012) 2423–2433Let Φ : X → F (Y ) be an l.s.c. mapping, where Y is a metrizable space. A triple (Z , g,ϕ) is an l.s.c. weak-factorisation
of Φ [2,20] if Z is a metrizable space with a topological weight w(Z) w(Y ), g : X → Z is continuous, and ϕ : Z →F (Y )
is l.s.c. such that ϕ(g(x)) ⊂ Φ(x) for every x ∈ X . As remarked in [20], the term “factorisation” was reserved for the special
case when ϕ(g(x)) = Φ(x) for all x ∈ X . In this paper, we deal with factorisations of usco mappings. Namely, we consider
usco mappings Ψ : X →C (Y ), where Y is a metrizable space, and we are interested in conditions on Ψ and/or X under
which there exists another metrizable space Z , with w(Z)  w(Y ), a continuous map g : X → Z and an usco mapping
ψ : Z → C (Y ) such that Ψ (x) = ψ(g(x)) for all x ∈ X , i.e. Ψ = ψ ◦ g . In this case, we say that the triple (Z , g,ψ) is an
usco factorisation of Ψ . Some natural conditions for usco factorisations were investigated in [7], and some aﬃrmative results
were obtained for the case of a separable Y (see [7, Theorem 3.1]). Other expansion-type of conditions were obtained in
[10, Lemma 4.7]. Here, we generalise all these results from a common point of view. Our approach is based on the fact that
every usco mapping between metrizable spaces has a closed graph, hence it has a zero-graph (that is, its graph is a zero-set
of X × Y ). This implies the following simple observation which veriﬁcation is left to the reader.
Proposition 1.1. If Y is a metrizable space and Ψ : X →C (Y ) has an usco factorisation (Z , g,ψ), then Ψ is an usco mapping with a
zero-graph.
We are now ready to state also the main contribution of this paper. Namely, here we demonstrate the converse of Propo-
sition 1.1 in a very general setting (see Theorem 5.1), and illustrate particular cases by way of example (see Corollary 5.3).
If the domain is paracompact, then “zero-graph” is further relaxed to “Gδ-graph”, see Corollary 5.5. Several other results
are obtained as well, see Section 5. The main ingredient of all these results is given by special “approximate” intermediate
factorisations which are obtained in the next section. Section 3 provides the main interface to “pure” intermediate factorisa-
tions, while Section 4 is devoted to some supporting results for the so called strongly u.s.c. mappings. The things are ﬁnally
culminating in Section 5, where the proof of Theorem 5.1 is accomplished. The last section 6 deals with the case when no
extra conditions on the domain are assumed a priori, see Theorem 6.3.
2. Approximate usco weak-factorisations
For a cover V of Y and A ⊂ Y , we will write that tb(A) < V if A ⊂⋃W for some ﬁnite W ⊂ V . We use st(A,V )
to denote the star of A with respect to V , i.e. st(A,V ) =⋃{V ∈ V : V ∩ A = ∅}. In particular, to every Φ : X → 2Y we
associate another mapping st[Φ,V ] : X → 2Y deﬁned by st[Φ,V ](x) = st(Φ(x),V ), x ∈ X . Finally, we write tb(Φ) < V if
tb(Φ(x)) <V for every x ∈ X .
For a metric space (Y ,d), y ∈ Y and ε > 0, let Bdε(y) = {z ∈ Y : d(y, z) < ε} be the open ε-ball centred at y; and, for a
subset A ⊂ Y , let
Bdε(A) =
{
y ∈ Y : d(y, A) < ε}=
⋃{
Bdε(a): a ∈ A
}
.
A u.s.c. mapping Ψ : X → 2Y is strongly u.s.c. if Ψ−1[F ] is a zero-set of X for every zero-set F in Y , see [7]. A mapping
Ψ : X → 2Y has the locally-ﬁnite lifting property [8, (3.3)] (see, also, [9,18]) if for every locally-ﬁnite family F of closed
subsets of Y , there is a locally-ﬁnite family {UF : F ∈ F } of open subsets of X such that Ψ−1[F ] ⊂ UF for each F ∈ F .
A mapping Ψ : X → 2Y is a multi-selection (or, a set-valued selection) for Φ : X → 2Y if Ψ (x) ⊂ Φ(x) for every x ∈ X . Finally,
for a set A , let 1(A ) be the Banach space of all functions s : A → R such that ∑α∈A |s(α)| < ∞, where the linear
operations are deﬁned pointwise and the norm is ‖s‖ =∑α∈A |s(α)| for each s ∈ 1(A ).
Theorem 2.1. Let Φ : X → F (Y ) be an l.s.c. mapping, where X is a normal space and Y is paracompact. Then, for a u.s.c. multi-
selection Ψ : X →F (Y ) of Φ the following are equivalent:
(a) Ψ has the locally-ﬁnite lifting property.
(b) For every open cover V of Y there exists a continuous map g : X → 1(V ) and a u.s.c. mapping θ : g(X) →F (Y ) such that
tb(θ) <V and Ψ (x) ⊂ θ(g(x))⊂ st[Φ,V ](x) for all x ∈ X.
If, moreover, Ψ is strongly u.s.c., then, in (b), st[Φ,V ] can be replaced by st[Ψ,V ].
Proof. For (b) ⇒ (a), let F be a locally-ﬁnite family of closed subsets of Y . Then, Y has an open cover V such that each
V ∈ V meets only ﬁnitely many members of F . By (b), there exists Z ⊂ 1(V ), a u.s.c. θ : Z →F (Y ) and a continuous
g : X → Z such that tb(θ) < V and Ψ (x) ⊂ θ(g(x)), x ∈ X . Take a point z ∈ Z . Then, θ(z) is covered by ﬁnitely many mem-
bers of V because tb(θ) <V and, according to the properties of V , only ﬁnitely many members of F may intersect θ(z).
Since θ is u.s.c. and nonempty-valued, this implies that
U = θ#
[
Y \
⋃{
F ∈F : F ∩ θ(z) = ∅}
]
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ily of closed subsets of Z . Since Z is countably paracompact and collectionwise normal (being metrizable), by a result
of Dowker [3] (see, also, [4, 5.5.17]), there exists a locally-ﬁnite family {V F : F ∈ F } of open subsets of Z such that
θ−1[F ] ⊂ V F for all F ∈F . However, g : X → Z is continuous and Ψ (x) ⊂ θ(g(x)) for all x ∈ X . Hence, {g−1(V F ): F ∈F }
is a locally-ﬁnite family of open subsets of X such that Ψ−1[F ] ⊂ g−1(θ−1[F ]) ⊂ g−1(V F ), F ∈F .
(a) ⇒ (b). Suppose Ψ has the locally-ﬁnite lifting property and V is an open cover of Y . Since Y is paracompact, it has
a locally-ﬁnite cover {FV : V ∈V } consisting of zero-sets such that FV ⊂ V for all V ∈V . Let HV = Ψ−1[FV ], V ∈V . Since
Ψ is a nonempty-valued u.s.c. multi-selection of Φ , {HV : V ∈ V } is a closed cover of X which reﬁnes {Φ−1[V ]: V ∈ V },
while {Φ−1[V ]: V ∈ V } is an open cover of X because Φ is l.s.c. Since Ψ has the locally-ﬁnite lifting property, there is a
locally-ﬁnite open cover {UV : V ∈V } of X with HV ⊂ UV ⊂ Φ−1[V ], V ∈V . For every V ∈V , take a continuous function
ξV : X → [0,1] such that
HV ⊂ GV = ξ−1V (1) ⊂ ξ−1V
(
(0,1])⊂ UV . (2.1)
Next, consider the continuous map g : X → 1(V ) deﬁned by g(x)(V ) = ξV (x), V ∈V and x ∈ X . By (2.1), g is well deﬁned
because {UV : V ∈V } is a locally-ﬁnite cover of X . For convenience, let Z = g(X), and let ρ(z1, z2) = ‖z1 − z2‖, z1, z2 ∈ Z ,
be the metric on Z generated by the norm of 1(V ). In order to construct our θ : Z →F (Y ), whenever V ∈V , let TV be
the closure of g(HV ) in Z , and let us show that
g−1(TV ) ⊂ GV . (2.2)
Indeed, take a point x ∈ g−1(TV ). Then, for every positive number r > 0 there exists xr ∈ HV such that ρ(g(x), g(xr)) < r, so
∣∣ξV (x)− 1
∣∣= ∣∣ξV (x)− ξV (xr)
∣∣ ρ(g(x), g(xr)
)
< r.
Hence, ξV (x) = 1 which, by (2.1), implies that x ∈ GV .
Now, let us show that {TV : V ∈V } is locally-ﬁnite in Z . Take a point x ∈ X , and let V (x) = {V ∈V : ξV (x) > 1/2} which
is clearly a ﬁnite set. If z ∈ Bρ1/2(g(x)) ∩ TV for some V ∈ V , then ρ(g(x), z) < 1/2 and, by (2.2), there exists t ∈ GV such
that ρ(g(x), g(t)) < 1/2. Thus, ξV (x) > 1/2 because, by (2.1),
∣∣ξV (x)− 1
∣∣= ∣∣ξV (x)− ξV (t)
∣∣ ρ(g(x), g(t))< 1/2.
That is, V ∈V (x), and hence Bρ1/2(g(x)) intersects only ﬁnitely many elements of {TV : V ∈V }. Finally, deﬁne the required
θ : Z →F (Y ) by
θ(z) =
⋃
{FV : V ∈V and z ∈ TV }, z ∈ Z .
Since {TV : V ∈ V } is a locally-ﬁnite closed cover of Z and each FV , V ∈ V , is closed, the mapping θ is u.s.c. and closed-
valued. By the same reason, tb(θ) <V . If x ∈ X and P(x) = {V ∈V : x ∈ HV }, then, by (2.1) and (2.2),
P(x) ⊂ {V ∈V : g(x) ∈ TV
}⊂ {V ∈V : x ∈ UV }
⊂ {V ∈V : x ∈ Φ−1[V ]}= {V ∈V : V ∩Φ(x) = ∅}.
Thus, Ψ (x) ⊂ θ(g(x)) ⊂ st[Φ,V ](x).
Finally, suppose that Ψ is strongly u.s.c. In this case, each HV , V ∈ V , will be a zero-set of X because FV , V ∈ V , are
zero-sets of Y . Then, in (2.1), we may assume that HV = GV for every V ∈V . Hence, by (2.2), we now get that
TV = g(HV ) and HV = g−1(TV ), for every V ∈V . (2.3)
Take a point x ∈ X . By (2.3), this implies that
{
V ∈V : g(x) ∈ TV
}= {V ∈V : x ∈ HV }
= {V ∈V : Ψ (x)∩ FV = ∅
}
⊂ {V ∈V : Ψ (x)∩ V = ∅}.
Consequently,
θ
(
g(x)
)=
⋃{
FV : V ∈V and g(x) ∈ TV
}
⊂
⋃{
V ∈V : Ψ (x)∩ V = ∅}= st[Ψ,V ](x). 
We proceed with several examples of usco mappings having the locally-ﬁnite lifting property. Recall that, for an inﬁ-
nite cardinal number τ , a space X is called τ -collectionwise normal if every discrete family F of closed subsets of X , with
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wise normal if it is τ -collectionwise normal for every τ . It is well known that X is normal if and only if it is ω-collectionwise
normal. However, for every τ there exists a τ -collectionwise normal space which is not τ+-collectionwise normal [23],
where the cardinal τ+ is the immediate successor of τ . According to a result of Dowker [3] (see, also, [4, 5.5.17]), a normal
space X is countably paracompact and τ -collectionwise normal if and only if X is τ -expandable [13]; that is, every locally-
ﬁnite family F of closed subsets of X , with |F |  τ , has a locally-ﬁnite family {UF : F ∈F } of open subsets of X such
that F ⊂ UF for each F ∈F .
Proposition 2.2. For a normal space X and an inﬁnite cardinal number τ , the following are equivalent:
(a) X is τ -expandable.
(b) If Y is a metrizable space with w(Y ) τ , then every usco mapping Ψ : X →C (Y ) has the locally-ﬁnite lifting property.
Proof. The implication (a) ⇒ (b) follows by [8, Example 3.9]. As for (b) ⇒ (a), let F be a locally-ﬁnite family of closed
subsets of X , with |F | τ . Endowing Y = {F } ∪F with the discrete topology, deﬁne an usco mapping Ψ : X →C (Y ) by
Ψ (x) = {F }∪{F ∈F : x ∈ F }, x ∈ X . Since {{F }: F ∈F } is a locally-ﬁnite family of closed subsets of Y , by (b), there exists a
locally-ﬁnite family {UF : F ∈F } of open subsets of X such that F = Ψ−1[{F }] ⊂ UF , F ∈F . Hence, X is τ -expandable. 
In what follows, for a subset M ⊂ X and a collection W of subsets of X , we will use Ord(W ,M) to denote the order of
W in M , i.e. the smallest cardinal number  such that |{W ∈W : x ∈ W }|  for every x ∈ M . For a natural number m ∈ N,
let Cm(Y ) = {S ∈C (Y ): |S|m}. By a ﬁnite-dimensional space, we mean a space which has a ﬁnite covering dimension.
Proposition 2.3. For a normal space X and an inﬁnite cardinal number τ , the following are equivalent:
(a) X is τ -collectionwise normal.
(b) If Y is a ﬁnite-dimensional metrizable space, with w(Y )  τ , and m ∈ N, then every usco mapping Ψ : X →Cm(Y ) has the
locally-ﬁnite lifting property.
Proof. The implication (a) ⇒ (b) follows by [8, Example 3.10]. To show that (b) ⇒ (a), let F be a locally-ﬁnite family
of closed subsets of X such that |F |  τ and Ord(F , X)  n for some n ∈ N. As before, endow Y = {F } ∪F with the
discrete topology, and deﬁne an usco mapping Ψ : X →C (Y ) by letting for x ∈ X that Ψ (x) = {F } ∪ {F ∈F : x ∈ F }. Then,
Ψ : X →Cn+1(Y ) and {{F }: F ∈F } is a locally-ﬁnite family of closed subsets of Y . Hence, by (b), there is a locally-ﬁnite
family {UF : F ∈F } of open subsets of X with F = Ψ−1[{F }] ⊂ UF , F ∈F . By a result of Kateˇtov [12], X is τ -collectionwise
normal. 
According to Proposition 2.2, the family “Cm(Y )” in Proposition 2.3 cannot be replaced by “C (Y )”. However, the require-
ment that “Y is ﬁnite-dimensional” can be omitted if Ψ is strongly u.s.c.
Lemma 2.4. Let X be a τ -collectionwise normal space, Y be a metrizable space, with w(Y ) τ , and m ∈ N. Then every strongly u.s.c.
Ψ : X →Cm(Y ) has the locally-ﬁnite lifting property.
Proof. Let F be a locally-ﬁnite family consisting of nonempty closed subsets of Y . We are going to construct a locally-ﬁnite
open cover {Wk: k<ω} of X and a closed cover {Mk: k<ω} of X such that, for every k<ω,
Mk ⊂ Wk, (2.4)
Ord
({
Ψ−1[F ]: F ∈F},Mk
)
<ω. (2.5)
Note that this will be suﬃcient. Indeed, because of τ -collectionwise normality of X , by (2.4), (2.5) and [12], there will
be a locally-ﬁnite family {U (k,F ): F ∈ F } of open subsets of X such that Ψ−1[F ] ∩ Mk ⊂ U (k,F ) ⊂ Wk for all F ∈ F . Set
UF =⋃{U (k,F ): k<ω}. Then, {UF : F ∈F } is a locally-ﬁnite family of open subsets of X such that Ψ−1[F ] ⊂ UF , F ∈F .
So, it only remains to construct these Wk ’s and Mk ’s. To this end, for every y ∈ Y , let f (y) = |{F ∈F : y ∈ F }|. Then,
{Vk: k < ω} is an increasing open cover of Y , where Vk = {y ∈ Y : f (y)  k}, k < ω. Since Ψ is compact-valued, X =⋃{Ψ #[Vk]: k < ω}. Since Ψ is strongly u.s.c., each Ψ #[Vk] is a cozero-set of X . Hence, there exists a locally-ﬁnite open
cover {Wk: k<ω} of X with Wk ⊂ Ψ #[Vk], k<ω. Finally, take a closed cover {Mk: k<ω} of X such that Mk ⊂ Wk , k<ω.
To show that (2.5) holds, let us check that Ord({Ψ−1[F ]: F ∈F },Mk)mk. Indeed, take x ∈ Mk . Then,
∣∣{F ∈F : x ∈ Ψ−1[F ]}∣∣= ∣∣{F ∈F : Ψ (x)∩ F = ∅}∣∣=
∑{
f (y): y ∈ Ψ (x)}mk
because |Ψ (x)|m and Ψ (x) ⊂ Vk . The proof is completed. 
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 τ is normal. Every collectionwise normal space is τ -PF-normal for every cardinal τ [14], and ω-PF-normality coincides
with normality [19]. However, PF-normality is neither identical with collectionwise normality (see Bing’s example in [1] and
[14, Example 1]), nor with normality (see [14, Example 1]). For some properties of PF-normal spaces, the interested reader
is referred to [9, Section 3] and [14].
Proposition 2.5. For a normal space X and an inﬁnite cardinal number τ , the following are equivalent:
(a) X is τ -PF-normal.
(b) If Y is a metrizable space, with w(Y ) τ , and Φ : X →C (Y ) is l.s.c., then every usco multi-selection Ψ : X →C (Y ) of Φ has
the locally-ﬁnite lifting property.
Proof. To show that (a) ⇒ (b), suppose that X is τ -PF-normal, Y is a metrizable space, with w(Y ) τ , Φ : X →C (Y ) is
l.s.c., Ψ : X →C (Y ) is an usco multi-selection for Φ , and F is a locally-ﬁnite family of closed subsets of Y . Since w(Y ) τ ,
we have |F |  τ . By a result of Dowker [3], there is a locally-ﬁnite family {V F : F ∈F } of open subsets of Y such that
F ⊂ V F for each F ∈F . Since Φ is l.s.c. and compact-valued, {Φ−1[V F ]: F ∈F } is a point-ﬁnite family of open subsets
of X , while {Ψ−1[F ]: F ∈ F } is a locally-ﬁnite family of closed subsets of X with Ψ−1[F ] ⊂ Φ−1[V F ], F ∈ F , because
Ψ is an usco multi-selection of Φ . Then, by [9, Theorem 3.1], X has a locally-ﬁnite open family {UF : F ∈ F } such that
Ψ−1[F ] ⊂ UF , F ∈F , so Ψ has the locally-ﬁnite lifting property.
To show that (b) ⇒ (a), let X be as in (b). We follow the previous proofs. Brieﬂy, let F be a locally-ﬁnite family of closed
subsets of X , with |F | τ , and let {UF : F ∈F } be a point-ﬁnite family of open subsets of X such that F ⊂ UF , F ∈F .
Endowing Y = {F } ∪ F with the discrete topology, deﬁne an l.s.c. mapping Φ : X → C (Y ) by Φ(x) = {F } ∪ {F ∈ F :
x ∈ UF }, x ∈ X , and an usco mapping Ψ : X →C (Y ) by Ψ (x) = {F } ∪ {F ∈F : x ∈ F }, x ∈ X . Since Ψ is a multi-selection
of Φ and {{F }: F ∈F } is a locally-ﬁnite family of closed subsets of Y , by (b), there is a locally-ﬁnite family {UF : F ∈F }
of open subsets of X with F = Ψ−1[{F }] ⊂ UF , F ∈F . By [9, Theorem 3.1], X is τ -PF-normal. 
3. Intermediate usco factorisations
Motivated by weak-factorisations of l.s.c. mappings (see the Introduction) and Theorem 2.1, we are going to consider
special weak-factorisations of u.s.c. mappings. Namely, let (Ψ,Φ) : X →F (Y ) be a pair of mappings such that Φ is l.s.c.,
and Ψ is a u.s.c. multi-selection for Φ . We shall say that a triple (Z , g,ψ) is an intermediate u.s.c. weak-factorisation of (Ψ,Φ)
provided that Z is a metrizable space with w(Z)  w(Y ), g : X → Z is continuous, and ψ : Z →F (Y ) is u.s.c. such that
Ψ (x) ⊂ ψ(g(x)) ⊂ Φ(x) for every x ∈ X . In particular, we will say that (Z , g,ψ) is an intermediate usco weak-factorisation if
ψ is an usco mapping (in which case, of course, Ψ must be also usco).
Theorem 3.1. Let X be a normal space, Y be a completely metrizable space, Φ : X →F (Y ) be l.s.c., and Ψ : X →C (Y ) be an usco
multi-selection for Φ which has the locally-ﬁnite lifting property. Then, (Ψ,Φ) has an intermediate usco weak-factorisation.
Turning to the proof of Theorem 3.1, for ε > 0 and a subset A ⊂ Y of a metric space (Y ,d), we write tbd(A) < ε if there
exists a ﬁnite subset F ⊂ A with A ⊂ Bdε(F ), see [11]. Here, “tbd(A)” plays the role of the inﬁmum of all such ε > 0. In
particular, we have that tbd(A) = 0 if tbd(A) < ε for every ε > 0. In this case, A will be totally bounded with respect to d.
Hence, if (Y ,d) is complete, then a closed subset A ⊂ Y is compact if and only if tbd(A) = 0. Also, note that if V is a
cover of Y with diamd(V ) < ε, V ∈V , then tb(A) <V implies tbd(A) < ε. Finally, for a mapping Φ : X → 2Y , we write that
tbd(Φ) < ε if tbd(Φ(x)) < ε for every x ∈ X .
The key element in the proof of Theorem 3.1 is the following proposition dealing with a countable intersection of closed-
valued u.s.c. mappings. It should be mentioned that, in general, such an intersection is not necessarily u.s.c.
Proposition 3.2. Let Z be a space, (Y ,d) be a complete metric space, and let ψn : Z →F (Y ), n<ω, be u.s.c. mappings such that
(a) limn→∞ tbd(ψn) = 0,
(b) each family {ψn(z): n<ω}, z ∈ Z , has the ﬁnite intersection property.
Deﬁne ψ : Z → 2Y by ψ(z) =⋂{ψn(z): n<ω}, z ∈ Z . Then, ψ is an usco mapping.
Proof. For every n<ω, deﬁne a mapping θn : Z →F (Y ) by
θn(z) =
⋂{
ψk(z): k n
}
, z ∈ Z .
By (b), each θn , n<ω, is well deﬁned and is u.s.c. as a ﬁnite intersection of u.s.c. mappings (see [4, 1.7.17]). Also, tbd(θn)
tbd(ψn), n<ω. Hence, by (a), limn→∞ tbd(θn) = 0. Since ψ(z) =⋂{θn(z): n<ω}, z ∈ Z , by (a), (b) and [6, Lemma 3.2], ψ is
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an m<ω such that θm(z) ⊂ Bdε/2(ψ(z)). Since θm is u.s.c., V = θ#m[Bdε/2(θm(z))] is an open set containing z. If x ∈ V , then
ψ(x) ⊂
⋂{
θn(x): n<ω
}⊂ θm(x) ⊂ Bdε/2
(
θm(z)
)⊂ Bdε
(
ψ(z)
)
. 
Proof of Theorem 3.1. Let {Vn: n < ω} be a sequence of locally-ﬁnite open covers of Y such that diamd(V ) < 2−n , V ∈ Vn
and n < ω, with respect to a complete metric d on Y . For each n < ω, by Theorem 2.1, there exists a subset Zn ⊂ 1(Vn),
a continuous surjective gn : X → Zn , and a u.s.c. θn : Zn →F (Y ) such that tbd(θn) < 2−n and Ψ (x) ⊂ θn(gn(x)) ⊂ Bd2−n (Φ(x)),
x ∈ X . In particular, we have w(Zn) w(1(Vn)) |Vn| w(Y ), n <ω, because each family Vn , n <ω, is locally-ﬁnite. Let
Z = ∏{Zn: n < ω} and, for every n < ω, let πn : Z → Zn be the projection. Also, let g = {gn: n < ω} : X → Z be the
diagonal map. Finally, for every n < ω, deﬁne a mapping ψn : Z → F (Y ) by ψn(z) = θn(πn(z)), z ∈ Z . Then, ψn : Z →
F (Y ) is u.s.c. and Ψ (x) ⊂ θn(πn(g(x))) = ψn(g(x)) for every x ∈ X . Hence, each family {ψn(z): n < ω}, z ∈ Z , has the
ﬁnite intersection property. Since limn→∞ tbd(ψn) = limn→∞ tbd(θn) = 0, by Proposition 3.2, ψ(z) =⋂{ψn(z): n<ω}, z ∈ Z ,
deﬁnes an usco mapping. If x ∈ X , then
Ψ (x) ⊂ ψ(g(x))=
⋂{
ψn
(
g(x)
)
: n<ω
}=
⋂{
θn
(
gn(x)
)
: n<ω
}
⊂
⋂{
Bd2−n
(
Φ(x)
)
: n<ω
}⊂ Φ(x). 
For convenience, for a u.s.c. mapping Ψ : X →F (Y ), we shall say that a triple (Z , g,ψ) is a u.s.c. weak-factorisation of Ψ
if Z is a metrizable space with w(Z) w(Y ), g : X → Z is continuous, and ψ : Z →F (Y ) is u.s.c. such that Ψ (x) ⊂ ψ(g(x))
for every x ∈ X . In this case, (Z , g,ψ) is a u.s.c. weak-factorisation of Ψ if and only if it is an intermediate u.s.c. weak-
factorisation for the pair (Ψ,Φ), where Φ(x) = Y , x ∈ X . Just like before, we shall say that (Z , g,ψ) is an usco weak-
factorisation of Ψ if ψ is usco.
Now, we list several consequences of Theorem 3.1. First, by Theorem 3.1 and Proposition 2.2, we get the following
immediate result.
Corollary 3.3. Let X be a normal and τ -expandable space, Y be a completely metrizable space, with w(Y )  τ , Φ : X →F (Y ) be
l.s.c., and let Ψ : X →C (Y ) be an usco multi-selection for Φ . Then, the pair (Ψ,Φ) has an intermediate usco weak-factorisation. In
particular, every usco mapping Ψ : X →C (Y ) has an usco weak-factorisation.
In the same way, by Theorem 3.1 and Proposition 2.3, we have the following consequence.
Corollary 3.4. Let X be a τ -collectionwise normal space, Y be a completely metrizable ﬁnite-dimensional space, with w(Y )  τ ,
Φ : X →F (Y ) be l.s.c., m ∈ N, and let Ψ : X →Cm(Y ) be an usco multi-selection for Φ . Then, the pair (Ψ,Φ) has an intermediate
usco weak-factorisation. In particular, every usco mapping Ψ : X →Cm(Y ) has an usco weak-factorisation.
Since every metrizable space can be embedded into a completely metrizable one, by Theorem 3.1 and Proposition 2.5,
we have also the following consequence.
Corollary 3.5. Let X be a τ -PF-normal space, Y be a metrizable space, with w(Y ) τ ,Φ : X →C (Y ) be l.s.c., and letΨ : X →C (Y )
be an usco multi-selection for Φ . Then, the pair (Ψ,Φ) has an intermediate usco weak-factorisation.
4. Factorising strongly usco mappings
Recall from the Introduction that if Y is a metrizable space and Ψ : X →C (Y ) is usco, then a triple (Z , g,ψ) is an usco
factorisation of Ψ if Z is a metrizable space with w(Z)  w(Y ), g : X → Z is continuous, and ψ : Z → C (Y ) is an usco
mapping such that Ψ (x) = ψ(g(x)) for all x ∈ X .
Theorem 4.1. Let X be a normal space, Y be a metrizable space, and let Ψ : X →C (Y ) be an usco mapping having the locally-ﬁnite
lifting property. Then, Ψ is strongly u.s.c. if and only if it has an usco factorisation.
Proof. If Ψ has an usco factorisation (Z , g,ψ), then Ψ−1[F ] = g−1(ψ−1[F ]) for every F ⊂ Y . In particular, for a zero-set
F ⊂ Y , the set ψ−1[F ] is a zero-set of Z because ψ is usco and Z is metrizable, hence Ψ−1[F ] is a zero-set of X because g
is continuous. Thus, Ψ is strongly u.s.c.
Conversely, let Ψ be strongly u.s.c. Take a metric d compatible with the topology of Y , and let (Y˜ ,d) be the completion
of (Y ,d). Then, Ψ : X →C (Y˜ ) remains strongly u.s.c. and, by Theorem 2.1, Ψ has a sequence of u.s.c. weak-factorisations
(Zn, gn, θn), n < ω, such that each gn : X → Zn is surjective and θn(gn(x)) ⊂ Bd2−n (Ψ (x)) for every x ∈ X . Let Z =
∏{Zn:
n < ω}, πn : Z → Zn , n < ω, be the projections, and g = {gn: n < ω} : X → Z be the diagonal map. Observe that
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z ∈ Z . Then, each ψn : Z →F (Y˜ ), n < ω, is u.s.c. and Ψ (x) ⊂ θn(πn(g(x))) = ψn(g(x)) for every x ∈ X . Hence, each family
{ψn(z): n < ω}, z ∈ Z , has the ﬁnite intersection property. Since limn→∞ tbd(ψn) = limn→∞ tbd(θn) = 0, by Proposition 3.2,
we may deﬁne an usco mapping ψ : Z →C (Y˜ ) by ψ(z) =⋂{ψn(z): n<ω}, z ∈ Z . If x ∈ X , then
Ψ (x) ⊂ ψ(g(x))=
⋂{
ψn
(
g(x)
)
: n<ω
}
=
⋂{
θn
(
gn(x)
)
: n<ω
}
⊂
⋂{
Bd2−n
(
Ψ (x)
)
: n<ω
}⊂ Ψ (x).
That is, Ψ (x) = ψ(g(x)) for every x ∈ X , and, in particular, ψ : Z →C (Y ). Thus, (Z , g,ψ) is an usco factorisation of Ψ . 
Now, we turn to some consequences of Theorem 4.1. By Propositions 2.2 and 2.5 and Lemma 2.4, we get the following:
Corollary 4.2. Let X be a normal space, Y be a metrizable space, and let Ψ : X →C (Y ) be a strongly u.s.c. mapping. Then, in each of
the following cases, Ψ has an usco factorisation:
(a) X is τ -expandable and w(Y ) τ ;
(b) X is τ -PF-normal, w(Y ) τ , and Ψ is a multi-selection for some l.s.c. Φ : X →C (Y );
(c) X is τ -collectionwise normal, w(Y ) τ , and Ψ : X →Cm(Y ) for some m ∈ N.
Recall that a space X is perfect if every closed subset of X is a Gδ-set. By Theorem 4.1, we get also the following
consequence.
Corollary 4.3. A space X is perfect and τ -collectionwise normal if and only if for every metrizable space Y , with w(Y ) τ , every usco
mapping Ψ : X →C (Y ) has an usco factorisation.
Proof. If X is perfect and τ -collectionwise normal, then it is countably paracompact, while every u.s.c. mapping is strongly
u.s.c. Hence, this implication follows by Corollary 4.2. To show the converse, let X be a space with the condition in the
statement. Take a closed subset F ⊂ X , and deﬁne an usco mapping Ψ : X → C ({0,1}) by Ψ (x) = {0,1} if x ∈ F , and
Ψ (x) = {0} otherwise. By assumption, Ψ has an usco factorisation (Z , g,ψ). Since ψ−1[{1}] is closed in the metrizable
space Z , it is a zero-set of Z , and hence F = Ψ−1[{1}] = g−1(ψ−1[{1}]) is a zero-set of X . Thus, X is perfectly normal (see
[4, Theorem 1.5.9]), and, in particular, normal. Finally, by Theorem 2.1 and Proposition 2.3, X is τ -collectionwise normal as
well. 
5. Factorising usco mappings with a zero-graph
In this section, we relate usco factorisations to the graph of usco mappings.
Theorem 5.1. Let X be a normal space, Y be a completely metrizable space, and let Ψ : X →C (Y ) be an usco mapping having the
locally-ﬁnite lifting property. Then, the following are equivalent:
(a) Ψ has a zero-graph.
(b) There is a sequence Φn : X →F (Y ), n<ω, of l.s.c. mappings such that Ψ (x) =⋂{Φn(x): n<ω} for every x ∈ X.
(c) Ψ has an usco factorisation.
Proof. Suppose that Graph(Ψ ) is a zero-set in X × Y . Then, there exists a decreasing sequence {On: n<ω} of open sets of
X ×Y such that Graph(Ψ ) =⋂n<ω On . In particular, each On , n<ω, deﬁnes an open-graph mapping Ωn : X → 2Y for which
Graph(Ωn) = On . So, for every n < ω, we may deﬁne an l.s.c. mapping Φn : X →F (Y ) by Φn(x) = Ωn(x), x ∈ X , see [15,
Proposition 2.3]. Thus, we have that Ψ (x) =⋂n<ω Φn(x), x ∈ X , which is (a) ⇒ (b). To show that (b) ⇒ (c), suppose that
Φn : X →F (Y ), n<ω, are as in (b). By Theorem 3.1, each pair (Ψ,Φn), n<ω, has an intermediate usco weak-factorisation
(Zn, gn,ψn) such that gn : X → Zn is surjective. Let Z =∏{Zn: n < ω}, and let g = {gn: n < ω} : X → Z be the diagonal
map. Also, for every n<ω, let πn : Z → Zn be the projection. Finally, deﬁne ψ : Z →C (Y ) by
ψ(z) =
⋂{
ψn
(
πn(z)
)
: n<ω
}
, z ∈ Z ,
which is possible because each gn , n<ω, is surjective and Ψ (x) ⊂ ψn(πn(g(x))), x ∈ X . This ψ is usco as an intersection of
the usco mappings ψn ◦πn : Z →C (Y ), n<ω, see, e.g., [4, 3.12.28]. If x ∈ X , then Ψ (x) ⊂ ψ(g(x)) and
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(
g(x)
)=
⋂{
ψn
(
πn
(
g(x)
))
: n<ω
}
=
⋂{
ψn
(
gn(x)
)
: n<ω
}⊂
⋂{
Φn(x): n<ω
}= Ψ (x).
That is, (c) holds. Since (c) ⇒ (a) follows by Proposition 1.1, the proof is completed. 
First of all, let us explicitly mention the following consequence of Theorem 5.1.
Corollary 5.2. For a normal space X, a completely metrizable space Y , and an usco mapping Ψ : X →C (Y ) having the locally-ﬁnite
lifting property, the following are equivalent:
(a) There is a sequence Φn : X →C (Y ), n<ω, of l.s.c. mappings such that Ψ (x) =⋂{Φn(x): n<ω} for every x ∈ X.
(b) Ψ has an usco factorisation (Z , g,ψ).
(c) Ψ has a zero-graph and is a multi-selection for some l.s.c. Φ : X →C (Y ).
Proof. The implication (a) ⇒ (b) follows by Theorem 5.1. For (b) ⇒ (c), suppose that Ψ has an usco factorisation (Z , g,ψ).
By Proposition 1.1, Ψ has a zero-graph. Turning to the second part, take in mind that Z is countably paracompact and
collectionwise normal (being metrizable). Hence, by [18, Theorem 1.3], ψ is a multi-selection of some l.s.c. mapping ϕ : Z →
C (Y ). Then, the mapping Φ : X →C (Y ) deﬁned by Φ(x) = ϕ(g(x)), x ∈ X , is as required. To show ﬁnally that (c) ⇒ (a),
suppose that Ψ has a zero-graph and is a multi-selection for some l.s.c. Φ : X → C (Y ). Then, Graph(Ψ ) =⋂n<ω On for
some (decreasing) sequence of open sets {On ⊂ X×Y : n<ω}. In particular, each On , n<ω, deﬁnes an open-graph mapping
Ωn : X → 2Y for which Graph(Ωn) = On . So, for every n < ω, we may deﬁne an l.s.c. mapping Φn : X →C (Y ) by Φn(x) =
Φ(x)∩Ωn(x), x ∈ X , see [15, Propositions 2.3 and 2.4]. Thus, Ψ (x) =⋂n<ω Φn(x), x ∈ X . 
Just like before, we have a list of consequences from Theorem 5.1. Namely, by this theorem and Corollary 4.2, we get the
following result.
Corollary 5.3. Let X be a normal space, Y be a completely metrizable space, and let Ψ : X →C (Y ) be strongly u.s.c. Then, in each of
the following cases, Ψ has a zero-graph:
(a) X is τ -expandable and w(Y ) τ ;
(b) X is τ -PF-normal, w(Y ) τ and Ψ is a multi-selection for some l.s.c. Φ : X →C (Y );
(c) X is τ -collectionwise normal, w(Y ) τ and Ψ : X →Cm(Y ) for some m ∈ N.
Concerning the possible relationship between strongly usco mappings and usco mappings with a zero-graph, we have
the following questions.
Question 1. Let X be a (countably paracompact and collectionwise normal) space, Y be a metrizable space, and let Ψ : X →
C (Y ) be an usco mapping with a zero-graph. Is it true that Ψ is strongly u.s.c.?
Question 2. Let X be a (countably paracompact and collectionwise normal) space, (Y ,d) be a metric space, and let Ψ : X →
C (Y ) be an usco mapping with a zero-set graph. If (Y˜ ,d) is the completion of (Y ,d), then is it true that Ψ : X →C (Y˜ ) has
also a zero-graph in X × Y˜ ?
It is well known that every usco mapping has a closed graph. Related to this, we have the following further question.
Question 3. Let X be a (countably paracompact and collectionwise normal) space, Y be a (completely) metrizable space,
and Ψ : X →C (Y ) be an usco mapping with a Gδ-graph. Then, is it true that Ψ has a zero-graph?
We have a partial answer to this question based on the following observation.
Proposition 5.4. Let X be a paracompact space, Y be a regular space,Ω : X → 2Y be an open-graph mapping, and let Ψ : X →C (Y )
be an usco multi-selection for Ω . Then, there is an l.s.c. mapping Φ : X →F (Y ) such that Ψ (x) ⊂ Φ(x) ⊂ Ω(x) for every x ∈ X.
Proof. Take a point x ∈ X . Since Ω has an open graph, Ψ is u.s.c., Ψ (x) is compact and Y is regular, there are open sets
Vx ⊂ X and Wx ⊂ Y such that x ∈ Vx ⊂ Ψ #[Wx] and Vx × Wx ⊂ Graph(Ω). Since X is paracompact, {Vx: x ∈ X} has a
locally-ﬁnite open reﬁnement U . For every U ∈ U take a point x(U ) ∈ X , with U ⊂ Vx(U ) , and set HU = Wx(U ) . Then,
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mapping Φ : X →F (Y ) by
Φ(x) =
⋃
{HU : U ∈U and x ∈ U }, x ∈ X . 
According to Theorem 5.1, Proposition 5.4 implies the following immediate consequence.
Corollary 5.5. Let X be a paracompact space, Y be a completely metrizable space, and Ψ : X → C (Y ) be an usco mapping. Then,
Ψ has a zero-graph if and only if it has a Gδ-graph.
Let us explicitly mention that Corollary 5.5 was obtained as an element in the proof of [25, Theorem 1.3] (see [25,
Lemma 2.2]) using somewhat different technique based on the idea in the proof of Urysohn’s lemma by directly constructing
a continuous function f : X × Y → [0,1] with Graph(Ψ ) = f −1(1).
6. Continuous expansions and factorising usco mappings
A sequence Φn : X → 2Y , n < ω, of set-valued mapping is decreasing if each Φn+1 is a multi-selection for Φn , n < ω.
According to the proof of (c) ⇒ (a) of Corollary 5.2, we have the following separate result.
Proposition 6.1. Let X and Y be spaces, and letΨ : X →C (Y ) be amappingwith a zero-graphwhich is amulti-selection for some l.s.c.
Φ : X →C (Y ). Then, there is a decreasing sequence Φn : X →C (Y ), n <ω, of l.s.c. mappings such that Ψ (x) =⋂{Φn(x): n <ω}
for every x ∈ X.
Here, we relate a special case of Proposition 6.1 to usco factorisations. Turning to this, let us recall that a mapping
ψ : X → C (Y ) is upper δ-continuous [10] if there is a sequence ϕn : X → C (Y ), n < ω, of continuous (i.e., both l.s.c. and
u.s.c.) mappings such that ψ(x) = ⋂{ϕn(x): n < ω}, x ∈ X . For a topological vector space Y , a mapping ψ : X → C (Y )
is called σ -selectionable (see [22]) if there is a decreasing sequence ϕn : X → C (Y ), n < ω, of continuous convex-valued
mappings such that ψ(x) =⋂{ϕn(x): n < ω}, x ∈ X . Every σ -selectionable mapping is upper δ-continuous. In fact, for a
Banach range, the converse is also true.
Proposition 6.2. Let X be a space, Y be a Banach space, and Ψ : X →C (Y ) be a convex-valued upper δ-continuous mapping. Then,
Ψ is σ -selectionable.
Proof. By [10, Lemma 4.7], there exists a metrizable space Z , an upper δ-continuous ψ : Z → C (Y ) and a continuous
g : X → Z such that ψ(g(x)) = Ψ (x) for every x ∈ X . Hence, we may assume that X is itself metrizable. Then, Ψ is an usco
mapping with a zero-graph and, by [25, Theorem 3.7], it must be σ -selectionable. 
Since an arbitrary intersection of usco mappings is usco, every upper δ-continuous mapping Ψ : X →C (Y ) is an usco
mapping which is a multi-selection for some continuous Φ : X →C (Y ). According to a result of Nepomnyashchii [21] (see,
also, [10, Corollary 2.10]), if X is a paracompact space, Y is a connected and locally connected completely metrizable space,
and Ψ : X → C (Y ) is an usco mapping, then Ψ is a multi-selection for some continuous Φ : X → C (Y ). On the other
hand, there exists an usco mapping Ψ : R → C (N) which is not a multi-selection of any continuous Φ : R → C (N), [10,
Example 2.12], this is also true if N is replaced by the long topology sine curve [10, Example 2.13]. However, in each of these
cases, if the range is embedded in a Banach space E , then Ψ : X → C (E) will remain usco and will be a multi-selection
for some continuous Φ : R → C (E). Finally, let us also mention that if Ψ : X → C (Y ) is upper δ-continuous and Y is
embedded in another space E , then Ψ : X →C (E) remains upper δ-continuous. We now have the following result which is
a generalisation of [10, Lemma 4.7].
Theorem 6.3. Let X be a space, and Y be a metrizable space. Then, for a mapping Ψ : X →C (Y ), the following are equivalent:
(a) Whenever Y is embedded in a Banach space E, Ψ : X →C (E) is upper δ-continuous.
(b) For some embedding of Y in a metrizable space E, Ψ : X →C (E) is upper δ-continuous.
(c) Ψ has an usco factorisation.
To prepare for the proof of Theorem 6.3, we proceed with some observations.
Proposition 6.4. Let M be a paracompact space, E be a Banach space, W be a ﬁnite family of open convex subsets of E, and let
{HW : W ∈W } be a family of closed subsets of E which reﬁnesW . Also, let ϕ : M →F (E) be an l.s.c. convex-valued mapping, and
θ : M →C (E) be an usco multi-selection for ϕ such that, for every x ∈ M, θ(x) ⊂⋃{HW : W ∈W } and ϕ(x) ∩ HW = ∅, W ∈W .
Then, ϕ has a continuous multi-selection ψ : X →C (E) with θ(x) ⊂ ψ(x) ⊂⋃W for every x ∈ M.
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usco, while ϕW : M → F (E) is l.s.c. and convex-valued because so is ϕ and W is open and convex in E . Deﬁne an
usco mapping ΨW : AW → C (E) by ΨW (x) = θ(x) ∩ HW , x ∈ AW . By Michael’s result [16], ϕW has an usco multi-
selection ΘW : M → C (E). Then, deﬁne another usco mapping θW : M → C (E) by θW (x) = ΨW (x) ∪ ΘW (x) if x ∈ AW
and θW (x) = ΘW (x) otherwise. Since θW is a multi-selection for ϕW , by Nepomnyashchii’s result [21], ϕW admits a contin-
uous multi-selection ψW : M →C (E) such that θW (x) ⊂ ψW (x), x ∈ M . We may now deﬁne the required ψ : M →C (E) by
ψ(x) =⋃{ψW (x): W ∈W }, x ∈ M . 
In what follows, to every ﬁnite family W of subsets of Y we are going to associate the following subset of C (Y ):
〈W 〉 =
{
S ∈C (Y ): S ⊂
⋃
W and S ∩ W = ∅, whenever W ∈W
}
.
While we will not explicitly rely on this fact, let us mention that the collection of all such families 〈W 〉, where W runs
over the ﬁnite families of open subsets of Y , is a base for the Vietoris topology on C (Y ). It is well known that if (Y ,d)
is a metric space, then the Vietoris topology coincides with the Hausdorff topology on C (Y ) generated by the Hausdorff
distance associated to d.
Lemma 6.5. Let Z be metrizable, E be a Banach space, ϕ : Z →F (E) be an l.s.c. separable-convex-valued mapping, and let θ : Z →
C (E) be an usco multi-selection for ϕ . Also, let V be an open cover of E consisting of convex sets, and let {UV : V ∈V } be a locally-
ﬁnite open cover of E, with UV ⊂ V for all V ∈ V . Then, there exists a countable collection S (V ) of continuous multi-selections
ψ : X →C (Y ) for ϕ such that
(i) θ is a multi-selection of every ψ ∈S (V ),
(ii) for every ﬁniteW ⊂V and a point z ∈ Z , with θ(z) ∈ 〈{UW : W ∈W }〉, there is ψ ∈S (V ) such that ψ(z) ⊂⋃W .
Proof. We follow an idea in the proof of [5, Lemma 4.5]. Namely, take a base B =⋃{Bn: n < ω} for the topology of Z
such that each family Bn , n < ω, is discrete and consists of closed sets. Also, let [V ]<ω be the set of all nonempty ﬁnite
subsets of V . Consider the set
L = {(z,σ ) ∈ Z × [V ]<ω: θ(z) ∈ 〈{UV : V ∈ σ }
〉}
,
and let ξ :L → Z and η :L → [V ]<ω be the projections. Since θ is a multi-selection for ϕ , we have that ϕ(z) ∩ UV = ∅
whenever θ(z)∩ UV = ∅. Hence, we may deﬁne a map β :L →B such that, for every λ ∈L ,
ξ(λ) ∈ β(λ) ⊂ θ#
[⋃{
UV : V ∈ η(λ)
}]∩
⋂
V∈η(λ)
ϕ−1[UV ]. (6.1)
Then, just like in the proof of [5, Lemma 4.5], we have that
∣∣η(β−1(B))∣∣ω for every B ∈B. (6.2)
Indeed, take λ0 ∈ β−1(B). If λ ∈ β−1(B), then β(λ) = B = β(λ0), and, by (6.1), ξ(λ0) ∈ β(λ) ⊂ ⋂V∈η(λ) ϕ−1[UV ]. Conse-
quently, ϕ(ξ(λ0)) ∩ UV = ∅ for every V ∈ η(λ), so η(λ) ⊂ {V ∈ V : ϕ(ξ(λ0)) ∩ UV = ∅} = V0. Since ϕ(ξ(λ0)) is separable
and {UV : V ∈V } is locally-ﬁnite, the family V0 must be countable. Thus, [V0]<ω is also countable and (6.2) holds because
η(λ) ∈ [V0]<ω .
We may now ﬁnish the proof as follows. For convenience, set
Gn =Bn ∩ β(L ) =
{
B ∈Bn: B = β(λ) for some λ ∈L
}
.
By (6.2), for every B ∈ Gn , n <ω, there is a surjective map f B : ω → η(β−1(B)). If k <ω, then f B(k) ⊂V is a ﬁnite subset
such that, by (6.1),
B ⊂ θ#
[⋃{
UV : V ∈ f B(k)
}]∩
⋂
V∈ f B (k)
ϕ−1[UV ].
So, by Proposition 6.4, ϕ  B has a continuous multi-selection Ψ(B,k) : B →C (E) such that, for every x ∈ B ,
θ(x) ⊂ Ψ(B,k)(x) ⊂
⋃
f B(k). (6.3)
However, Gn is a discrete family, and we may deﬁne another continuous mapping Ψ(n,k) :⋃Gn →C (E) by Ψ(n,k)  B = Ψ(B,k)
for every B ∈Gn . By (6.3), θ ⋃Gn is a multi-selection for Ψ(n,k) . Then, by [10, Theorem 2.9] (see, also, [17, Theorem 1.2]),
Ψ(n,k) can be extended to a continuous multi-selection ψ(n,k) : Z →C (E) for ϕ with θ(z) ⊂ ψ(n,k)(z) for all z ∈ Z . According
V. Gutev, T. Yamauchi / Topology and its Applications 159 (2012) 2423–2433 2433to (6.3) and the construction of the mapping Ψ(n,k) , we have that θ(x) ⊂ ψ(n,k)(x) = Ψ(B,k)(x) ⊂⋃ f B(k) for every x ∈ B ∈Gn .
Thus, the family S (V ) = {ψ(n,k): n,k<ω} is as required. 
We conclude the preparation for the proof of Theorem 6.3 with the following consequence of Lemma 6.5.
Corollary 6.6. Let Z be a metrizable space, E be a Banach space, and let θ : Z →C (E) be an usco mapping. Then θ is upper δ-
continuous.
Proof. Let ϕ : Z →C (E) be an l.s.c. convex-valued mapping such that θ is a multi-selection for ϕ , see, for instance, Corol-
lary 5.2. For every n < ω, let Vn = {y + 2−nB: y ∈ E}, where B is the unit open ball of E . Since E is metrizable, for each
n<ω there exists an open locally-ﬁnite cover {UV : V ∈Vn} of E with UV ⊂ V for all V ∈Vn . Then, by Lemma 6.5, for every
n < ω there exists a countable family Sn of continuous mappings ψ : Z →C (E) such that θ is a multi-selection for each
ψ ∈Sn and if W ⊂Vn is ﬁnite and θ(z) ∈ 〈{UW : W ∈W }〉 for some z ∈ Z , then ψ(z) ⊂⋃W for some ψ ∈Sn . According
to the special choice of the cover Vn , this actually means that ψ(z) ⊂ θ(z)+ 2 · 2−nB. Thus, the family S =⋃{Sn: n<ω}
is as required. 
Proof of Theorem 6.3. The implication (a) ⇒ (b) is obvious, while (b) ⇒ (c) follows in exactly the same way as in the
proof of (a) ⇒ (b) of [10, Lemma 4.7]. Finally, the implication (c) ⇒ (a) follows immediate by Corollary 6.6. The proof is
completed. 
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